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ABSTRACT 

The renormalization group equations for heavy fermion Biggs-Yukawa 

coupling constants possess low energy fixed points. We predict the 

masses of fourth generation quarks and leptons, or an ultra-heavy top 

quark. These also correspond to upper bounds on fermion masses in 

SU(5)-like theories. 
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Faniliar theoretical relationships exist amongst the imsses Of the 

light feri!ions in SU(5): 1 

%=% I 4t+ 

Ii, 17 e lJ 

mb - = 2.75 _' -25 m T 
(1) 

These result frown essentially three ingredients: (a) the Higgs necha- 

"isin which relates the fermion mass to the Higgs-Yukawa (HY) colupling 

cor.stsnt by mf = gf<Qo>/fi = ~~'(175 GeV); (b) the renormalization 

group 1%) equations which describe the evolution of the (KY) couplings 

down frOn 3:X to low energies a.r.d (c) the boundary conditions from SCJ(~),~ 

assuming a ,5- arid 2 of Higgs, which relate g-l/3 quark (MX) = 

g-1 lepton (!.iX) within a given generation. Thus one obtains: 

II/3 _ 9-1/3(1J) = "j(!J' amJo 

n -1 gel (IJ) (4 
a3 (II.J 

+(electrc;.eak) 1 (2) 

L!z”quark 

and the "xzrical results of eq. (1) follow to one loop accuracy with 

As S .4 GeV. We note that ingredients (b) and (c) do not apply to 

models with composite Higgs bosons (e.g. SW) or composite fermions on a 

Scale of 1.1' < ?IX since the RG equations dercand p,cintLil;e particles over 

the entire range of the desert. Though the results for "d/me and cis/n 
1-I 

are questionable we note that they are qualitatively correct. 5Ce take 

the "prediction" for mb/mT to be a successful result of SU(5) a"d we 

seek to extend the above analysis tomuch heavier objects: either a very 

heavy top-quark or a heavy fourth generatioil of qual-1-s and leptons. 

r‘or very heavy quarks and leptons the RG equations of the BY 

coupling cowtents, which lead to eq. (2), n!xt be rodified to include 

the effects of the ("0:;~ large) HY couplings themselves. 'Ihe equations 

thus becc-e nonlinear in gf when gf S (g2 or 93) 2nd will thus fix the 

absoll;te scale of g f' Hence, the relevant fernion mass scale for which 

these effects becoze important is expcted to be, assuming a single 200: 

Iiiggs, E quael: * g3(200)o175 8240 CeV (with several inoclcublet Higgs 

having WC. this scale decreases). 
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Furttxrmre, as first c??phasized by Frc:att a?.d Kielscn 2 anti T;.OTe 

recsntly. by Pendlcton a"cl Pass, 3 there will be "fixed poi~nts" which 

determine g,(p) independent of g f(!!x) (ttmugh in gjeneral dependent up" 

ur b&P 93, g2, 91, etc.). Thus for sufficiently large gf(b!x) (typically 

gf(M,) 2 1) we can hope to make predictions for heavy fermion msses 
from the fixed point structure of the RG equations withoct knowing any 

details of the initial COnditiOns at lix! Hwdever, the natcre cf these 

fixed pints is slightly subtle, 4 as we now show. 

Pendletoa and Ross considered the possibility of a heavy t-qwrk 

(we will focus upon a fourth generation below which w expect to be a 

more realistic possibility; the t-quark will serve as a paradigm for the 

mathematics) for which the RG equations of gt and g 3 (5 gQCo ) become: 

16r2$ 1" gt = - 854 

(3) 

16n*-$ 1; g3 = -bOg; : t=lnU,b =7 0 

Combining: 

16x2-$ In (g;/g,) = ; gt2 - (8 - bO)g: = ; gt2 - g: (4) 

and hence, tl?? Fendleton-Ross "quasi-stable fixed point" is the van- 

ishing of the rhs of eq. (4): 

gt (PI = /$l,w . (5) 

If (~~(11) is ever "ear the value given by eq. (5) in terns of g3(p), it 

will renain "locked in" to this relationship for all subsequent, 

decreasing 1-I. Taking p PlOO GeV one has m 
top 

= gt.175 = 110 GeV, rlhich 

becomes 135 GeV upon including electroweak corrections. 

Physically we must ask, however , given a" arbitrary initial g,(?.$) 

what is the most probable final result for gt(p)? In feet, eq. (4) is 

just the "Eernoulli equation" ar.d can be solved analytically: 

gt2 W.J( gj2 (u?) 19,’ WJ ) E/b0 

- (6) 
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In the iinit g32 (p)/"j3' (I,Ix) 
l/b0 

>> 1 1:s rezch thrz FF. fi::ed Taint: 

T/b0 
932 (PI.J = - (7) 

h,,=7 

fio*~ever, to be at a fixed wint in the sense that g,(?:!,) no lonser 

influences gt(p) it is sufficient that 

; y;; (( ;p) ) 1'bo - ') >> 1 (8) 

II 
which can easily occur for 93L (?I ) /432 O!.$ 

lfi0 
.r 1, 10"~ before the 

limit leading to the PR fixed pint. Defining R = g3 2 (P 1 /g32 W,) we now 

assume l/b6 1" R S 0. Expanding eq. (6) one finds: 

2 

9;2(!J) E 9t2(!J) = y- 2b0 g3 (!A 1 7 
1" R 1 + 2b01" R + ~(1" R) 

2 
+... (9) 

0 f 

Equation (S) defines a mwing fixed pint in ii andMX which we refer to 

as the "intermediate fixed point." It is the physically interesting 

asymptotic behavior .for g,(p) as u&+ 0, but sets in before the 

decocpling limit, p 2 mt. 

In Figure 1 we illlzstrate how an arbitrary initial g,(N,) tends ta 

be swept toward g:(u) (rie also plot the decoupling limit. )J = 175 g,(p)) 

provided gt(MX) > 1. This is a valid perturbative estimate provided 

gt2(p)/16n2_< lor gt-< 4~. Eence, there is a large perturbative domain 

of attraction corresponding to g:(p) J 1.3 for p = 200 GeV. The 

resulting "prediction" for our hypothetical single heavy t-quark is 240 

GsV (* 10%) including full electroweak corrections. 4 This is also 

equivalent to the absolute upper txund of Cabit'% et al. 5 Is this a 

reasonable value for the mass of the physical t-quark? Recently Buras6 

has obtained a limit of mt < 33 GeV and we remark that a t-quark heavier 

than S2CO GeV will destroy the quantitatively successful mb/mT rela- 

tionship. 7 Otherwise, this is consistent riith all bounds. 

Probably more interesting and relevant to the real world are the 

consequences for a fourth N(5) generation. F?ere we must nllmerically 

integrate the equations for gE, gT, gB (where T, D, E refer to +2/3, 
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Figure 1. The evolution of CJ 
Cnly th? portion to the right o E 

(p) for three initial values, gt(L\IX). 
the "threshold condition" is physical. 

The intermediate fixed point of eq. (9) is the dotted line. 

Figure 2. The results of the numerical integration of eq. (10) for a 
5 x 5 integer array of (gT(MX), gg(MX) = gE(MX)). Points cluster about 
the fixed points and boundary cuves. 
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-l/3 quarks and the -1 ICptO!? KeSileCtiVel]; V/e 3SSXPe 2 lii;ht wutrino 

here): 

In gT = ; gT2 + 3 2 7 9B + 2 4B - 8g3 2 -- 9 2 - +g 4 92 @'I2 

16n2 -A dt In gB = ; gB2 + 
3 2 
2 gT + gE 2 - 8g3 2 - 9 2 - y$ ;i g2 (g')* 

+ 35 2 T +3g 2 B -; 2 - 5 @a)* .g2 . (1.0) 

The results of this analysis have been detailed in ref. (4). For lack 

of space we quote only the essential results. 

(I) There is a nontrivial fixed point for these equations with all 

gi nonvanishing analogous to the intermediate fixed point discussed 

above. It corresponds to: 

mT = 220 GeV s = 215 GeV mE = 60 GeV (11) 

to within 10% uncertainty at one loop. We've also assumed no Cabibbo 

nixing to lighter generations (the results are quite insensitive to 

this; rotating say the B quark maximally (90c) cut of the weak current 

for this generation displaces the fixed point 27%). 

(II) The bound of Cabibbc et A.5 generalizes to an allowed region 

in the space of gT, gB and g E' Only points within this region are 

physical (have finite values of gT, gB, gE over the entire desert). 

tloreover , the boundary of this region acts soneivhat like a "generalized 

fixed point" since! arbitrary, large initial points g,r(MX), gBOIX) and 
g,(N,) are mapped preferentially to the fixed point or the boundary, the 

fixed point lying on the boundary. Figure 2 illustrates the distribu- 

tion of values of gB(200 GeV) and gB(200 GeV) VS. gT(200 Ge7) resulting 

fronthe numerical integration of eq. (10) for an initial 5 x 5 array of 

Faints (gB(Elx) , gT04.J) end (g,(r,) E g,(E$) , gT(M.J). We see that the 
points cluster near the fixed point along the boundary curve (the fixed 

pcint corres&mnds to the mass values of eq. (11)). Hence, in addition 

to 3 relationship between s and mB, we also obtain a further relation- 

ship between all three masses mB, mB and IFS for a sufficiently heavy 

fourth generation! These results can be generalized to many succeeding 

heavy generations. 

(III) These heavy r?.asses ore fully casistent with known bounds on 

fermion masses, e.g. the p-parameter,* unitarity' and the stabilit;r of 
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tix Irioqs wtenti,:l. 10 

Recently we have considered the effects ~:~on the stadard evolu- 

tion of gl, g2 and g3 in SU(5) from large gf, ?.t the two loo,? level, and 

thus the effects upon MX and sin These arc fcund to be niniscule 
with: 

A? X - 
*ix 5 2.5% per heavy fernicn (17-a) 

0 > 
Asin* Ov, 

sin* Ok7 
t -.15S per heavy ferrnion (12b) 

where eq. (122) is the change in MX frcn the large HY coupling effects 

but does not include the change from a new flavor th:eshold. sur- 
prisingly, the change in b!x caning from the addition of a fourth 
generation neglecti?g HV effects, but with mT, rB S 200 GeV is found to 

be a factor of J1.25, much less than the 1.8 qnoted earlier l2 bJt. 

coflsistent with recent estimates of Farcianc. 13 The effects of a fourth 
generatzon on mb/rzT are not known at present. 

Searches for heavy quarks in the 200 to 240 GeV region and leptons 

in the vicinity of 60 GeV may make interesting Grist for the Tevatron 

and collider mills of the future. 
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